PAIR ANNIHILATION

Abstract

The electron charge is considered to be distributed or extended in space.
The differential of the electron charge is set equal to a function of electron
charge coordinates multiplied by a four-dimensional differential volume el-
ement. The four-dimensional integral of this function is required to equal
the electron charge in all Lorentz frames. The positron is also considered to
be distributed or extended in space, and is treated similarly. The S-matrix
for annihilation of an extended electron-positron pair, which results in an
extended muon pair, is calculated. The result is that the S-matrix for ex-
tended leptons is the S-matrix for point leptons multiplied by an electron

form factor and multiplied by a muon form factor.

[. INTRODUCTION
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In the rest frame of an electron charge distribution, let /¥ = (x!°, 2/! 22, «/,

0

denote a spacetime charge point, and let 2% = (2, z! 2 x3) denote

the center of the charge distribution. Sometimes the superscript on the

four-vector (not the components) will be omitted, and we will write
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or equivalently 27 = /¥ — z¥. In a frame of reference in which the

electron charge distribution moves with a speed 3 in the +a® direc-
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tion, let o/ = (a7, 2/t 2/ 2'2) denote a spacetime charge point, and
m m m m m

0

O xl 2 x3) denote the center of the charge distribu-

let x,, = (x
tion. Introduce Z,, = 2/ — x,. A Lorentz transformation yields
By = Iy, Ty = Iy, B = (T, — BF,,), and ) = (&, — BT;,) where
v =1/+/1 — 3. Denote this Lorentz transformation by &, = L(&,y,).
In the rest frame, the electron charge e is equal to [ p.(Z,)d(2))d*z,
where p,(Z,) is the charge density in the rest frame and § denotes the

delta function.! So an element of electron charge in the rest frameis

given by

de, = p(2,)0(y(&,)d* T . (1)

Label an element of electron charge in the m frame de,,. The equa-
tion for de,, is not needed due to invariance of the form factor.? The
next section is a review of point pair annihilation resulting in a pair of
point muons. The third section will study extended electron-extended
positron annihilation resulting in an extended muon pair. The S-

matrix in the extended lepton theory is the S-matrix of the point lepton
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theory multiplied by a form factor for the electron-positron and multi-

plied by a form factor for the muon pair. A short discussion follows.

II. POINT ELECTRON-POSITRON ANNIHILATION

The process where a point electron and a point positron annihilate at
spacetime point y producing a photon, which propagates to spacetime
point & where it annihilates producing an electron positron pair was
studied in a previous paper.? The approximate S-matrix for this process

(see Eq. 14 in reference 3) is

Spi = _/d433 d'y o5 (x)(—iey")¢1(2)iDr(z — y) o (y)(—ier)0i(y).
@)
The above equation can be used for the process where a point electron
and the point positron annihilate at spacetime point y producing a
photon, which propagates to spacetime point x where it annihilates
producing a muon pair. In this case, the initial approximate electron

wave function, which has been normalized to unity in a box of volume

V,is

6ily) = /% wi exp (—ip; - y) (3)
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where h and ¢ have been set equal to 1, m is the electron rest mass, u;
is a four-component spinor, which depends on the initial spin and on
pi = (0 = E;,pl,p?,p?), the initial four-momentum, and ~” are the
four Dirac matrices, which are labelled by v = 0,1,2,3. The final ™

wave function is

6s(w) = || gy s exp (=i ) (@)

where M is the muon rest mass, uy is a four-component spinor, which
depends on the final muon spin and on p; = (p} = Ef,p}, p},p}), the
final muon four-momentum.

Let p; = (E5, p},p?,p?) denote the initial positron four-momentum,
and let pr = (Er, pk, p%, p3) denote the final positively charged muon
four-momentum. It is common to treat the positive energy positron,
which propagates forward in time, as a negative energy electron, which
propagates backward in time.? Similarly the positive energy u*, which
propagates forward in time, is treated as a negatively charged muon,
which propagates backward in time. Thus the negative energy electron
propagates from the future into the past, and the negative energy muon
propagates from the future into the past. To accommodate this, the
final four-momentum of this electron is identified as —p; = (—E;, —py),

and the initial four-momentum of this muon is identified as —pp =
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(—Ep,—pr). So the final wave function of this electron, which has

been normalized to unity is

Or(r) = \| g7 vr XD (+ipr - ) 5)

where v; is a four component spinor. The initial wave function of this

muon 1is

01(2) =\ o vrexp (hipe - 2). )

Dp(z — y) is the photon propagator, which is

Dp(x —y) = / (;iTqyl exp [—igq - (v — y)]qgjrlz.E

where ¢ is the four-momentum of the photon.

Substituting Eqgs. (3), (4), (5), (6), and (7) into Eq. (2) yields

—'é€2mM(ﬂf’YVUF) (Oryus)

S =
d (27)V2\/E.E, B Er

/ d*z dyd*q expli(ps + pr — q) - 2] expli(—pi — pr + q) - Y] (8)

q% + ie ’

and finally
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—ie*mM (U sy vr) (Oryu;)
2w 454 + —Pi — ! a
V2 EiEfEIEF( R N

Spi= )

II. EXTENDED ELECTRON-POSITRON SCATTERING

Suppose that the electron initially moves with a speed 3 in the +a3
direction. This is the m frame. Recall that z/ is a spacetime electron
charge point, x,, is the center of the electron charge distribution and
also the argument of the electron wave function. Define &, = !/, — x,,.
Recall that an element of electron charge in the rest frame is labeled
de,, and is given by Eq. (1). Also recall that an element of electron
charge in the m frame is labeled de,,.

In the rest frame of the positron, let 3. be a spacetime charge point,
and let y, be the center of the positron charge. Introduce g, = y.. — y,.
Take the positron to be moving with a speed 3 in the —y? direction in
the m frame. The m frame is therefore the center of mass frame. Let
y! be a spacetime charge point of the positron. Let y,, be the center of
the positron charge and the argument of its wave function. Introduce
Um =Y. — ym. The interaction takes place at charge points, so replace
Dp(x —y) in Eq. (10) by Dgp(z!, —vy.,) . Also, replace the positive

energy electron charge by the four-dimensional integral of de,,, and
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replace the negative energy charge by the four-dimensional integral of

de,, (the speeds are the same). So now the S-matrix Sp; is

Sy = — / 042, A G5 () (—i demy” )61 ()

iDp(x, = Yn) OF (Ym) (=i dem,)di(ym).  (10)

The four-momentum of the photon in the m frame is labeled ¢,,. Use

Dp(zl, —y.) = Dp(xm — Ym) exp(—iZmy, - gm) €xp(+ilm - ¢m) to show

Spr = _/d493m A Yo O (2n) (=17 )Pr(2m )i D (Tm—Yum) Or (Y ) (—i€7) Pi(Ym)
den,

.~ / .~ / dem
[espleitn g% [exptrin, )% (1)

By the delta function which results when integrating the first integral

above, ¢, = p; + p;. Integration leads to

Srr = SgiFe(q)Fu(q). (12)

where by invariance of the form factor

§(zNYd*z,, (13)

Fu(q) = /exp(—ii“r : qr)pr(jr)

and
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Fo) = [eptrime o) sy, (14

Note that ¢, is related to g,, by a Lorentz transformation.

III. DISCUSSION

The S-matrix for extended electron-extended positron annihilation
resulting in an extended muon pair is the S-matrix for point pair anni-
hilation resulting in a point muon pair multiplied by an electron form

factor and multiplied by a muon form factor.
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